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Stochastic Loewner Evolutions (SLE) with a multiple \[kB of Brownian motion B as 
driving process are random planar curves (if n < 4) or growing compact sets generated by 
a curve (if k > 4). We consider here more general Levy processes as driving processes and 
obtain evolutions expected to look like random trees or compact sets generated by trees, 
respectively. We show that when the driving force is of the form ^/kB + 9 1 / a S for a symmet- 
p I ■ ric a-stable Levy process S, the cluster has zero or positive Lebesgue measure according to 

whether k < 4 or k > 4. We also give mathematical evidence that a further phase transition 
at a = 1 is attributable to the recurrence/transience dychotomy of the driving Levy pro- 
cess. We introduce a new class of evolutions that we call a-SLE. They have a-self-similarity 
properties for a-stable Levy driving processes. We show the phase transition at a critical 
coefficient 9 = 9o(a) analogous to the k = 4 phase transition. 



> ; A MS 2000 subject classifications: 60G51, 60G52, 60H10, 60J45. 
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\q '. 1 Introduction 
O 

Loewner Evolutions are certain processes (Kt)t>o taking values in the space of closed bounded 
subsets of the complex upper half plane EI (or other simply connected domains), driven by a 
cadlag function U : [0, oo) —* H.. They are best described via ordinary differential equations 

dtgt(z) = - - 2 , 9o(z)=z, zeU = {x + iyeC:y>0}, (1.1) 
JX^ ■ 3t(z) - U(t) 

b : 

as follows, dt is the right derivative as U is right-continuous. For each z £ H, the solution of 
(fl.lj) is well-dehned on a time interval [0,(( z ))- Then the process K t := {z £ EI : £(z) < t}, 
t > 0, is a strictly increasing family of compact subsets of HI. We refer to Kt as the cluster. 

Loewner |14j introduced these in the 1920s in a complex function theoretic framework of 
conformal mappings (the solutions gt : H \ K t — * EI of Ql.l|) are conformal mappings). In the 
late 1990s, Schramm [20] noticed that U(t) = y/nBf for a standard Brownian motion B leads 
to an interesting class of Stochastic Loewner Evolutions SLE K , some of which he conjectured 
to be scaling limits of important lattice models in statistical physics, subsequently proved in 
collaboration with Lawler and Werner |12l I13j and by Smirnov |21| . Some introductory texts 
|10| I24j are now available. Cardy [Hj gives a recent review of mathematical progress and further 
physical conjectures. 

*supported by EPSRC grant GR/T26368/01 in Britain and NSFC grant 10501048 in China. 
' Institute of Applied Mathematics, Academy of Mathematics and System Science, Chinese Academy of Sci- 
ences; email: guanqy@amt.ac.cn; presently: Department of Statistics, University of Oxford 

"'University of Oxford; email: winkel@stats.ox.ac.uk; supported by the Institute of Actuaries and Aon Limited 



1 



Brownian motion is a suitable driving process since its independent identically distributed 
(i.i.d.) increments translate into a composition of i.i.d. conformal mappings that describe, in a 
sense, independent growth increments. Furthermore, Loewner evolutions transform well under 
Brownian scaling making SLE K conformally invariant, i.e. on the one hand, the distribution of 
(K t )t>o is invariant under homotheties (the only conformal automorphisms of EI leaving start 
and end points and oo fixed), up to a linear time change; on the other hand, we can naturally 
consider SLE K in other simply connected domains by application of a conformal mapping. 

In this paper we discard the Brownian scaling property and consider the larger class of 
processes with stationary independent increments (Levy processes) as driving processes. Such 
processes are necessarily discontinuous (except for Brownian motion, with drift). Whereas SLE K 
is either a simple curve (k < 4) or generated by a curve (k > 4), |18l I2U| . here, roughly, each 
discontinuity corresponds to a jump of the growth point on the boundary of the growing compact 
set. This leads to tree-like structures. Beliaev and Smirnov [2] briefly mention such models in 
a complex analysis context as examples of fractal domains with high multifractal spectrum. 

These models were recently introduced in the physics literature by Rushkin et al. who 
study driving processes of the form U(t) = \J~nBt + 9 l ^ a St for a standard Brownian motion B 
and an independent symmetric a-stable Levy process S. They observe two phase transitions. 

1. The Brownian phase transition of SLE K at k, = 4 is not affected by the additional driving 
force 9 l / a S. It can be expressed in terms of p(x) = P(C(x) < oo) as p(x) = for all 
x 6 M. \ {0} for k, < 4 versus p(x) > for all x £ M \ {0} for k > 4. Due to the jumps, 
simulations look like trees and bushes respectively. 

2. There is another phase transition at a = 1, which in the simulations yields "isolated 
trees/bushes" for < a < 1 and "forests of trees/bushes" for 1 < a < 2. 

We strengthen their results from x £ IR to z £ M and rigorously establish the following theorem. 

Theorem 1.1. Let (K t )t>o be an SLE driven by Ut = \f~K>B t + 9 l / a St for a Brownian motion 
B and an independent symmetric a-stable process S, with Q(z) = inf{t > : z G Kt}. Then 

(i) ifO<K<4andU^ 0, then for all z el\ {0}, we have P(({z) = oo) = 1; 

(ii) if k> 4 and 1 < a < 2, then for all z 6H\ {0}, we have f{C{z) < oo) = 1; 

(hi) if k > 4 and < a < 1, then for all z el\ {0}, we have < F{({z) < oo) < 1 and 

lim ^0,,GH\{0} P (C(^) < OO) = 1. 

Our methods combined with some probabilistic reasoning allow us to deduce the following 
corollary. Recall that Levy processes Ct that are just the sums of finite numbers of jumps AC S 
in any bounded interval s £ [0, t] are called compound Poisson processes. A Levy process U is 
called recurrent if for all a < < b we have E(J °° l^ a< u t< ^dt) = oo, transient otherwise. 

Corollary 1.2. Suppose that in the notation of the theorem, the driving process is changed as 
follows, in terms of Sf = Sf — Yl s <t ^^s^{\as s \>c}, S without its big jumps, for some c > 0, 
and independent compound Poisson processes R and T, recurrent and transient, respectively. 

(i) // U t = JHB t + Q x l a S c t + R t or U t = ^B ± + 9 l / a S$ + T t , and < k < 4, but k > or 
9 > to avoid trivialities, then for all z 6i \ {0}, we have P(£(.z) = oo) = 1; 

(ii) if U t = v^-Bt + 6 1/a Sf + R t and k > 4 and < a < 2, then for all z gl\ {0}, we have 
F(((z) < oo) = 1; 

(hi) if U t = JUBt + 6 1 / a SI + T t , and k > 4 and < a < 2, then for all z € H \ {0}, we have 
< F(((z) < oo) < 1 and Hra z ^ ze w\ {0 } F (C( Z ) < oo) = I. 
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This is strong evidence that the phase transition "at a = 1" is attributable to the re- 
currence/transience dychotomy of Levy processes. Under suitable regularity conditions on 
P(|t7i| > x) ~ x~ a as x — > oo, such as regular variation, this is, of course, equivalent to 
1 < a < oo versus < a < 1, where a finer distinction is well-known at the critical value a = 1. 

Since recurrence and transience are governed only by rare big jumps, we expect that in the 
k < 4 case the phase transition is not reflected in the local geometry of the cluster. Heuristically, 
in both cases pockets in the clusters will stabilise and remain unchanged after a while; in the 
transient case even the big trees themselves will remain unchanged eventually, whereas in the 
recurrent case bigger and bigger trees, possibly from the far left and the far right will almost 
meet above these unchanged pockets, and this is reflected in the conformal mappings gt in that 
a whole pocket is mapped onto a very small portion of the upper half plane that "disappears in 
the limit" as t — > oo; for k > 4 bigger bushes actually meet above pockets thereby incorporating 
the pockets in the cluster. 

We leave the geometry of the cluster for further research, but establish the following result. 

Theorem 1.3. In the situation of Theorem M.ll denote Lebesgue measure on i by m and 
B(0,r) = {z G H : \z\ < r} for r > 0. Then 

(i) if < k < 4, then m([J t>0 K t ) = a.s.; 

(ii) if k> 4 and 1 < a < 2, then m(M \ \J t>0 K t ) = a.s.; 

(iii) if k > 4 and < a < 1, then 



m ( U t > K t n B(0, r) \ m ( (J t > K t D B(0, r) 
lim — ; rr — = 1 and lim — ; — — =0 a.s. 

r|0 m(B(0, r)) rToo m(B(0, r)) 

We actually believe that (ii) can be strengthened to IJt>o Kt = M a.s. The other extreme is 
when the driving process is a compound Poisson process U(t) = Ct with successive jump times 
Jn, n > 1) and jump heights X n , n > 1. C is piecewise constant and hence the evolution can be 
decomposed and expressed as 

9J n +t = l &-x 1 -...-X n ° 9t ( ^x n o 9j n -J n -i) ° • • • °9°h), 0<t< J n+ i - J n , n > 0, 



a composition of independent and identically distributed conformal mappings $Xj ° 9j _j. x , 
j > lj where (z) = \J z 2 + At is the conformal mapping from H\ [0, 2y/ti] to EI that is associated 
with a driving function U = and $ x (z) = z — x is a translation by x G M. The flow {"&Ut°9t)t>o 
is similar to flows of bridges (on [0, 1] instead of H) studied by Bertoin and Le Gall j^. 

Clearly, (Kt)t>o is here a forest of trees growing from R, with g°j._j. creating branches and 
$Xj moving the growth point on the boundary. Specifically, Kt U R is path connected and, more 
precisely, has the tree property that for all y, z € Kt U R there is a simple path p : [0, 1] — * H, 
unique up to time parameterisation, from p(0) = y to p(l) = z with p(s) G K t U R for all 
s G [0, 1]. If U is not a compound Poisson process, e.g. an a-stable Levy process, we have been 
unable to show that Kt U R is path connected, but we believe, that the following holds. 

Conjecture 1. IfUt is a Levy process with diffusion component y/fiBt for some k > 0, then 

(i) if < k < 4, then KjUE has the tree property for all t > 0. There is a simple left- 
continuous function 7 : (0, 00) — > H suc/i that Kt H H = {7(5) : < s < t} ; /or a// 
t > 0. 

(ii) if k, > 4, then KfUM. is generated by a left- continuous function 7 : (0, 00) — > H in that 
M\Kt is the unbounded connected component o/H\ {7(5) : < s < t}, for all t>0. 
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This conjecture is a theorem for Brownian SLE K , see Rohde and Schramm and Lawler 
et al. when 7 is indeed continuous. In the setting of Theorem ll.il the difficult part is to 
show path connectedness ofML) K t , which is not obvious as the logarithmic spiral (see Marshal 
and Rohde ^S]) exemplifies. Heuristically, the k = 4 phase transition is not affected by the 
small jumps since locally, the Brownian fluctuations dominate jump fluctuations as is expressed 
e.g. in (U a t/ \/a)t>o — > \fnB in distribution as a { 0, in the setting of the conjecture. 

As a consequence of the scaling properties of (jl.lj) and Brownian motion of the same index 
2, for 9 = 0, any k > and a > 0, the process (y/aKt)t>o, where yfaK t = {-*/az : z G K t }, has 
the same distribution as (K at )t>o- The analogous statement for a pure a-stable driving process, 
i.e. k = and 9 > is not true: the distributions of (a 1//Q K t )t>o and (K at )t>o are different. 
Scaling of index 2 is intrinsic to equation 

However, we can construct clusters (Kt)t>o such that (a^i^tx) and (-Kat)t>o have the 
same distribution by modifying (jl.l|) to 

9t5t(z) = ^tr^fr~' ^) =z ' ^B={x+i^c:j/>o}, (1.2) 

for some 1 < a < 2. This equation still defines a process (ift)t>o of growing compact subsets 
of H, for a given cadlag driving process U and has intrinsic scaling properties of index a. We 
call this equation the a-Loewner equation. The most interesting driving processes are a-stable 
processes, i.e. k = in our setting. We then derive the following phase transition. 

Theorem 1.4. Let 1 < a < 2. // (Kt)t>o is the a-SLE driven by Ut = 9 1 / a St for a symmetric 
a-stable process S, then there exists 9o(a) > such that 

(i) if0<9< 9 (a), then for all z G H\ {0}, we have P(C(*) = 00) = 1; 

(ii) if 9 > 60(a), then for all z G H \ {0} ; we have P(C(*) < 00) = 1. 

Note that all driving processes are recurrent here, so the analogue to case (iii) in the previous 
results does not arise. One could, however, e.g. add a transient compound Poisson process to 
the driving process and obtain the analogue to case (iii). We will also deduce the analogue of 
Theorem 11.31 

Corollary 1.5. In the situation of Theorem \l.J\ we have 

(i) if0<9< 9 (a), then m(\J t>Q K t ) = a.s.; 

(ii) if 9 > 9 {a), then m(H\ \Jt>o K t) = a - s - 

This class of growth processes (Kt)t>o seems new and interesting. Theorem 11.41 and the 
discussion before describe some parallels to the class SLE K , k > 0. Our methods are strong 
enough to prove these analogous results, even though the functions gt that solve (|1.2j) are not 
conformal mappings. The canonical driving processes are now jump processes, so we expect 
the self-similar clusters to be trees or structures generated by trees. Again, such structures are 
easily rigorously established for piecewise constant (e.g. compound Poisson) driving functions, 
but remain conjectural for stable processes. It would be interesting to know if a-SLE driven by 
a-stable driving processes are scaling limits of natural lattice models. 

The structure of this paper is as follows. In Section 2, we recall and extend some preliminary 
results on fractional Laplacians, harmonic functions and hitting time distributions; we also give 
an introduction to Loewner evolutions and provide further and more detailed motivation for our 
class of driving functions. Sections 3 and 4 study the stochastic differential equation of Bessel 
type that is associated with (|l.lj) for stochastic driving functions U and deal with the proof 
of Theorem 11.11 in the cases z = x G R and z G H, respectively. In Section 5 we study the 
increasing cluster Kt and prove Theorem 11.31 Section 6 is devoted to properties of a-SLE and 
the proof of Theorem 11.41 
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2 Preliminaries 

2.1 Symmetric a-stable processes and the fractional Laplacian 

Symmetric a-stable Levy processes are Markov processes (St)t>o starting from So = 0, with 
stationary independent increments and cadlag sample paths, whose distribution is given by 

R(e iXSt ) = e-** w , V(A) = |A| Q = f (1 - e iXx + iXxl^^x^^dx 

Jr\{o} 

for some < a < 2. We use Chapter VIII of Bertoin [3] as our main reference. We can include 
a = 2, where St = V%B t is a Brownian motion B t , and S has as generator the Laplacian 
A x = d 2 on R. Brownian motion has the scaling property of index 2, called Brownian scaling 
property that {y/nB t )t>o has the same distribution as (B Kt )t>o- For < a < 2, the process S 
has the scaling property of index a that (6 l l a St)t>o has the same distribution as (Sgt)t>o- The 
infinitesimal generator of S is the fractional Laplacian on R, defined by the formula 

A^w(x) = hm.4(l, -a) / ^ =gg dz', (2.1) 

where to is a function on R such that the limit exists for all x G R, and A(l, —a) is the constant 
a2 a ~ 1 7r _1 / 2 r((l + a)/2)/r(l — a/2). We refer to Stein [22] for an introduction and properties 
of the fractional Laplacian. We recall here that the domain of A"^ 2 includes the Schwartz space 
of rapidly decreasing functions. It will be important in the sequel to apply (|2.1|) as a formal 
generator to functions where the limit does not exist for all x G R, such as power functions with 
a singularity at zero. 

Lemma 2.1. For p G R, define a function w p : R — > R 6y io p (0) = and 

iOp(x) = i£R\{0},p/l; w 1 (x)=ln\x\, \ {0}. 

Then, 

A^ 2 w p (x) =^4(l,-a)7(a,p)|x| p - Q - 1 , /or aM x G R \ {0}, and p G (0, a + 1), (2.2) 

where 7(0, p) = a _1 (p — 1) Jo*"" ^ p ~ 2 (| w ~~ l\ a ~ p — (v + l) a_p ) di> /or p / 1 and 7(0,1) = 
cr 1 / °%- 1 (|y-l| a - 1 -(v + l) Q - 1 ) du. 

Proof We assume without loss of generality that x > 0. By definition (|2.1|) we have for p 7^ 1 
A a J 2 w v {x) 

r Irr'lP^ 1 — x p ~ l 
= lim.4(l,— a) / — — — — dx' 

, r | T '|p-i _ 1 

= lim^(l,-a)x p ^ a - 1 / fV rn^da/ 

40 VrK-iixs} \x'-l\ l+a 

,f Ir' 4- ll p_1 — 1 
= lim^(l,-a)x p " a - 1 / 1 7 ' dx' 

40 J{x':\x'\>e} \A l+a 

roo I / , -1 m-1 i|J_i |p— 1 _ 9 
Iim^(l,-a)a*— 1 / ' X + ' ' -dx' 



elO ~ ' J £ \x'\ 1+a 

« J{x':x'>0} \ x '\ a 

=.4(1, -a)^ '- / v p - 2 (\v-l\ a - p - (v + l) a ~ p ) dv. (2.3) 

a Jo 

We use the transformation (x' + l)/x' = v and [x' — l)/x' = v in the last step of ()2.3|) . The case 

p = 1 can be proved in the same way. □ 
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Remark 2.1. By Lemma \'2.1\ it is easy to check that w a is a harmonic function on M \ {0} for 
the symmetric a-stable process. When a > 1, uug is subharmonic and superharmonic on M \ {0} 
when 5 £ (a, a + 1) U (0, 1) and 5 G [1, a) respectively. When < a < 1, wg is subharmonic and 
superharmonic on M \ {0} when 5 £ [1, a + 1) U (0, a) and <5 S (a, 1) respectively. When a = 1, 
w;,5 is a subharmonic function on M \ {0} when <5 £ (0, 1) U (1, a + 1). 

By Lemma 4.2 in [7], we can alternatively express the coefficients in Lemma 2.1 as 7(0, p) = 
io 1 *^" 1 ~ ~ « Q " P )(! - v)- l ~ a + (nP" 1 - 1)(1 - u a -P)(l + «)~ 1_c *) du for p ^ 1 and 
7 (a,l) = J 1 ((l-u Q - 1 )ln(u)(l-u)- 1 - a + (l-u a - 1 )ln(u)(l + u)- 1 - Q ) tin. See also Lemma 
5.1], 17, Appendix], Appendix] for other expressions of these or closely related results. 



2.2 Bessel-type processes and exit times 

Let (Bt)t>o and (St)t>o be standard Brownian motion and an independent symmetric a-stable 
process with generator A"/ 2 , on a filtered probability space (Q, J 7 , (J : t)t>o, IP)- Define Ut = 
yJTiBt+9 1 l a St and the conformal mappings (gt)t>o of SLE driven by Ut via (jl.ljl . Let /i t = gt~Ut, 
then we have the Bessel-type stochastic differential equation 

dh t (z) = -^L _ dC/t, fco(*) = z, z£i \ {0}. (2.4) 

/it(z) = hij(z) + i/i2,t(^), i > 0, is an H-valued Markov process, well-defined until hitting zero, 
for every \ {0} starting from z = z\ + iz2- The formal generator of the process h is 

M*) = -^ld z J(z) + -Jg_0 2l /(*) + ~d 2 z J(z) + 0A«/ 2 /(^. (2.5) 
+ z% z( + z$ 2 

It will be convenient to adopt a Markov process setup (f2, J 7 , {J : t)t>0i (ht)t>o, (Pz) z ew\{o}) > slightly 
abusing notion, where ht under P z has the same distribution as ht (z) under P. In this vein, 
£ = inf{i > : ht- = or ht- = Ut — Ut-}- We make a convention that ht = T, a cemetery 
point T FJ, for i > C anc l /CH = for any function /. For a Borel set D C H, denote 
Gr)(z,dz') = J °° PP(z,dz')dt, where (PP(z,dz'))t>o is the transition kernel for the process 
(ht)t>o killed when leaving D. 

Lemma 2.2. Ze£ D be an open subset ofM bounded away from 0, i.e. such that B(0,r) C D c 
for some r > 0. Let r = inf{i > : ht ^ -D} 6e t/ie exrf time /rom where ht is as in j2.4[ )- 
Then for every Borel set B C D and every z £ D, 

P z {h T £B}= f G D (z,dz') [ e f h ~i}j 4- (2-6) 

z l — z x \ 



D J {z'{&l:z'{+iz' 2 £B} \ z l 



where z' = z[ + iz' 2 ■ 

Proof We only need to prove that 

E z f(h T ) = 0A(l,-a) [ G D (z,dz>) r y^^ &y, (2.7) 

JD J -00 \ z l ~ z l\ 

for each C 2 function / on EI with compact support satisfying supp f C D c . In fact by Dynkin's 
formula (see e.g. Ito (HI), we have for all z G D 

E z f{h T ) =E Z f T Af(ht) dt = E z f 9A a z [ 2 f{ht) dt 
Jo Jo 

P t D (z,dz')9A a J 2 f(z')dt 
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-OA(l,-a) [ G D (z,dz>) M±^L dz'{ 

JD J-oo \ z l — z l\ 



which is (|277j) . □ 

Let b > a > and define "inner" and "outer" exit times of h%t from {x € R : a < \x\ < b} as 

T a b = inf{t > : \h\ t \ < a; \ h\ s \ < b, Vs < t}, T oa = inf{i > : \h\ t \ >b\\h\ s \ > a, Vs < t}, 

(2.8) 

where inf = +oo. Let ^i a ^{z,dx') and fib,a(z,dx') be the conditional probability distributions 
under P z of h\^ a , and h\^ b a on events {r aj0 < oo} and {77, a < oo} respectively. Set U aj0 = {z £ 
M : a < \\z\\ < b}, where \\z\\ = \\zi + i^H = max{|zi|, | ^2 1 j" - Denote similarly 

T a b = inf{t > : \\h t \\ < a, \\h s \\ < b,Vs < t}, Tb a = inf{i > : \\h t \\ > 6, \\h s \\ > a, Vs < t}, 

(2.9) 

and let T2 a b(z, dx') and J2b a (z,dx') be the conditional probability distributions of h\^ ab and 
flirt a on events {r^ < 00, /i2,T a 6 7^ a } an d {v\a < 00 } respectively. 

Lemma 2.3. Let b > a > 0, i/ien i/ie following assertions are true. 

(1) Lei z G H such that a < \z\\ < b. Then fi a ^{z,dx) may have atoms at x = a and 
x = —a and is absolutely continuous on {x : \x\ < a} with density function x 1— > (p a ,b( z ,x), 
Hb,a(z, dx) may have atoms at x = b and x = —b, but is absolutely continuous on {x : \x\ > 
b} with density function x 1— > ipb. a (z, x) such that for all \x\ < a/3, respectively \x\ > 2b, 

<Pa,b(z,x) < ; <p b , a {z,x) < 2 3+4Q f^— • (2.10) 

(2) Let z € U a ,b C H. Then Ji a b (z, dx) may have atoms at x = a and x = —a and is absolutely 
continuous on {x : \x\ < a} with density function x 1— > Tp a ^ b (z,x), ~fib, a (z,dx) may have 
atoms at x = b and x = —b, but is absolutely continuous on {x : \x\ > b} with density 
function x \— > Tpb a (z,x) such that the same upper bounds as in \2.W\) hold. 

Proof We only prove (2) as the proof of (1) is similar. Let \x\ > \x'\ > 2b. Then for any |u| < b, 
we have 

2 -2-2«^l < \X U\ < 2 2+2«l£l (2 n) 

Let z £M such that z £ U a \,. For \x\ > b, denote 

f{x) = — -/ G ( Z dz f\ (2.12) 

^ Pz{T a , b >T b ,a} Ju afi \x-Zl\ 1+a ^ 

By Lemma [2~2l we know that / is the density of ~p, b a on {x : \x\ > b}. By (|2.11|) and (|2.12|) . we 
see that for |x| > x' = 2b 

2 ~ 2 - 2a ^T^/(^) < m < 22+2a ^w/» (2-13) 

Hence we have 

poo /oz^l+a f—2b f-oo 

2 / 2- 2 ' 2a \->f(2b)dx < / f(x)dx + / f(x)dx < 1, 

J2b \ x \ J-oo J2b 
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which leads to f(2b) < b 1 a2 2a . Thus the assertion concerning fi ba follows from (|2.13|) . 
Now let \x\ < \x'\ < a/3. Then for any \u\ > a we have 



hl+a 



~ |u-x| 1+Q ~ v ' 

Denote 

fix) = : ; — r- f , , - M , - Gu ,(z,dz'), \x\ < a. (2.15) 

By definition oi~fl ab and Lemma l2~2l we know that / is the density of JI ab on {x : |x| < a}. By 
(2.16) and (2.17), we see that for |x| < x' = a/3 

2- 2 - 2a f(a/3) < f{x) < 2 2+2a f(a/3). (2.16) 

Hence we have 

/a/3 /" a /3 
2- 2 - 2a f(a/3)dx < / f(x)dx < 1, 
-a/3 J-a/3 

which leads to /(a/3) < 3a _1 2 1+2a . Thus the assertion concerning ~p a b follows from H2.16j) . □ 

Remark 2.2. Let g(x) = In \x\ or g(x) = for i / and < p < a + 1. By Lemma 12.31 

we see that / gfJ, a ,b, J 9^b,a, J 9U a ,b an d / 5^fe,a are au finite. 

Whether conditional distributions such as ji a fi have atoms at a and —a depends on the 
so-called creeping properties of Levy processes (with drift), see Millar JH] and Vigon [23] . 



2.3 Growing clusters, Loewner evolutions and independent increments 

The Riemann mapping theorem implies that for a compact set K C EI such that EI \ K is simply 
connected, the family of conformal mappings k : M \ K — > H is a set of three real dimensions. 
Since oo K, it is natural to choose fe(oo) = oo, the only point one can consistently fix for 
all compact sets K, with compositions of such conformal mappings in mind. The expansion at 
infinity then takes the form 

k(z) = a ^z + b H — — ^ — -J + O > f° r remaining parameters a > and b € R, 

where hcap(if) is called the half-plane capacity (see Lawler ^Ql Section 3.4]). It measures the 
size of K. Any increasing process (Kt)t>o of compact sets with continuously increasing capacities 
can be (time-)parameterized such that hcap(^) = 2t. Choosing a = 1 is natural, b = b g := is 
one choice specifying a family of conformal mappings {gt)t>o- Under the local growth condition 

p| {g t (z) : z G K t+e \K t } = {single point} =: {U(t)} for all t > 0, (2.17) 

£>0 

where C denotes the closure of a Borel set Cci, this growth point b = bh(t) := —U (t) is another 
choice for the parameter b specifying another family of conformal mappings (ht)t>o- It can be 
checked that (K t )t>o is then the Loewner evolution driven by (U(t))t>o, the family (gt)t>o solves 
Loewner's differential equation see Lawler Section 4.1], and h t (z) = gt{z) — U(t) solves 

the Bessel equation (|2.4j) when integrating suitable test functions. In general, (U(t))t>o may 
be just measurable. However, we will assume in the sequel that (U(t))t>o is cadlag. The local 
growth condition, even with a cadlag function (U(t))t>o is strictly weaker than the condition 



9t\{U(t)}) := P| gi\B{U(t),e)) = f] K t+E \ K t = {single point} =: { 7 (f)}, (2.18) 



£>0 £>0 
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for a cadlag function 7 : (0, 00) — ► H, where B{x,e) = {z S H : \z — x\ < e}. In general, 
even under the local growth condition, equality may fail. If equality holds, one can ask whether 
(if t ) t > is generated by a function 7 in a suitable class of functions, i.e. M\K t is the unbounded 
connected component of M \ {7(5), < s < t}, or even whether H n K t = {t(s— ), < s < t}, 
i.e. 



zeH\if f _: Hm S( _ £ ( 2 ) = £/(*-) =inif t \^ = WH}- (2-19) 

In fact, SLE K for 4 < k < 8 are examples where (|2.18|) holds but (|2,19[) fails - further points in 
the left hand member of (|2.19|) are called "swallowed points" . The logarithmic spiral of Marshal 
and Rohde ^3] is an example where (|2.18|) fails - here the otherwise well-defined and continuous 
function 7 has neither left nor right limits at the time of the singularity, even though the driving 
function (U(t))t>o is continuous. Werner [21] remarks that one can build examples with a dense 
set of such singularities at different scales. In a rather more regular setting, it is shown in 
|15j that 1/2-Holder continuity of (U(t))t>o with small norm is sufficient for the existence and 
continuity of a simple curve 7. 

Let us discuss further the geometric reasons for the choice of parameters, as they provide fur- 
ther motivation for stochastic driving functions that are linear combinations of stable processes 
with stationary independent increments. The first was 00 1— ► 00. Alternatively, one could fix 
x t — ► x for any specific x S M, the boundary of H, provided x K but K need not be compact. 
This is related to Loewner evolutions "from to x" , rather than "from to 00" . 

Now let (K t )t>o be a Loewner evolution driven by any measurable function (U (t))t>o, growing 
"from to 00"; denote the associated solution to Loewner's equation by (gt)t>o- The only 
conformal coordinate changes that leave zero and infinity fixed are homotheties z 1— > cz inviting 
us to investigate kt(z) = cgt(z/c), t > 0. Clearly, these conformal mappings grow (ciT t ) t >o, 
where hcap(ci^t) = c 2 hcap(i^t), so that we reparameterise kt = k c -2 t and obtain 

dth(z) = 2 , k (z)=z, zeE, (2.20) 

k t (z) - cU c -2 t 

so that (cK c -2 t ) t >o is a Loewner evolution driven by (cU c -2 t ) t >o. This is the scaling property of 
index 2 that is therefore intrinsic to Loewner's equation. 

Proposition 2.4 ([TT1 HHJ for SLE K ). (a) An SLE (K t ) t > is generated by a flow h t : H \ 
Kt — > H with stationary independent "increments" h Sj t = ht o hj 1 , s <t, if and only if the 
driving function (U(t))t>o has the finite-dimensional distributions of a Levy process. 

(b) // (U(t))t>o is a Levy process, then the distribution of {\faK a -i t )t>o is the same as that 
of (Kt)t>o if and only if {U{t))t>o is a multiple of Brownian motion. 

(c) If U = \/ r KB + 1 / Q 5' for a Brownian motion B and an independent symmetric stable 
process of index a G (0,2), then {^[a~K a -it)t>o has the same distribution as a Loewner 
evolution driven by U = ^[kB + Q x l a S, where 6 = a a / 2 ~ 1 6 . 

Proof For (a) just note that for fixed s > and h!f = h s +t hj 1 , we have by (|2.4j) 

dh[ s \z) = dh s+t (h-\z)) = 2d * - dU s+t = - dU { t s \ hi s \z) = z, z ei\{0}, 

h s+t (h s (z)) h\ \z) 

where = U s+ t — U s , and this easily yields the result, (b) and (c) are simple consequences of 
the scaling properties of Loewner's equation, ()2.20j) . and of B and S (see Subsection 12. 1(1 . □ 

The property in (b) is called conformal invariance. For any simply connected domain D C C, 
D 7^ C, one can now uniquely define SLE K from one boundary point a to another boundary 
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point (3 by conformal mappings / : H — > D with /(0) = a and /(oo) = f3, up to a linear time 
change. For any other Levy process, the definition is not unique. However, note that for the 
driving processes in (c), the properties of SLE studied in this paper do not depend on 9. 

3 IR-valued Bessel-type processes driven by U = + 1 l a S 

By Q2.4JI . it is easy to see that (^t(^))o<t<c(x) is R- valued for all x € R\ {0}. In this case their 
formal generator A reduces to 

Af(x) = \d x f{x) + ^d 2 J(x) + 6A^ 2 f(x), for all x € R \ {0}. 

Proposition 3.1. When < k < 4 and < a < 2, we have £(x) = oo a.s. for all x G R \ {0}. 

Proof We will use the same notation as in Lemma 12.11 and always assume that k > 0. The 
case k = can be proved similarly. 

Case 1. < a < 1. By Lemma 12. 11 we have for y £ R \ {0} 

Atfifo) = -d yWl (y) + ^V(y) + 9Ay/ 2 wi(y) > 9A^ 2 Wl {y) = 6A(1, -a) 7 (a, l)M~ a > 0. 

For < a < 6, let r a fe and T bA be the inner and outer exit times defined in (2.8). Let ii a ^ and 
Hb,a be the corresponding conditional probability distribution. By Dynkin's formula we have 



In |x| < P x {T a , b < T bA } / In \y\ fi a ,b(x, dy) + P x {r a)b > T bj0 ) \ In 

H\v\<*} h\y\>b} 



y\ /J, ba (x,dy). 



Therefore 



a ' b b ' a f{\y\< a } ln \y\^A x 'dy) ~ f {lyl > b} ln\y\ ii b!a (x,dy)' 

By Lemma 12.31 we know that f{\ y \> b y ^ n \y\ l^b^ixjdy) is bounded for fixed b uniformly in a < b. 
Letting a [ in ()3.1j) we get C = oo, P x -a.s. 

Case 2. < k < 4, 1 < a < 2. Let /i = w 3 /2-2/k- First we prove the case k > 2. By Lemma 12. II 
we have for y ^ 



4fa(y) = 05, + ^ w 3/2 _ 2/K (y) + 9A^ 2 w 3/2 ^ 2/K (y) 



\ ~ I) (l - ~) |yr 3/2 ~ 2/K + M(l, -ah (a, ~ - ~) (3. 2 ) 

Noticing that (| — ^ )(1 — | ) < we can find a constant c such that Af\(y) — cf\(y) < for all 
y ^ 0. Again by Dynkin's formula we obtain 

fi(x) > E x [e-^ b h(h Tab )) + E x [e- cr ^h(h T J] . (3.3) 

If P x {( < oo} > 0, we can choose 6, T £ R big enough such that P x {lim a jo < T} > 0. 
Hence by Q, we get ft(x) > e~ cT P x {lim al0 T a>b < Tja 1 / 2 - 2 ^ + E x [e~ CT ^ h{h Tb J), which is 
impossible when taking a J, 0. When < k < 2, we can take /i = wi and use the same method. 

2 

Case 3. k = 4, 1 < a < 2. By Lemma [2~TI we have (|<9 y + 2d 2 )w\(y) = 0. Therefore for y / 
and c > we have 

A( Wl + cw 3 - a )(y) =c (~8y + 2d 2 ) w 3 -a(v) + 9A^ 2 Wl {y) + c9A^ 2 w 3 ^ a (y) 
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=2c(2 - a) 2 |yr Q + 6A{1, -0)7(0, l)\y\~ a + c0A(l, -0)7(0, 3 - a)|y| 2 ~ 2Q . 

(3.4) 

By (j3.4j) and noticing that —a < 2 — 2a, we can find c large enough and r > small enough 
such that ^4/2(2/) > for |y| < r, y 7^ 0. Then following the same method as in case 1 we can 
prove Px{jo,r < T r,o} = 0, which leads to the conclusion. □ 

Proposition 3.2. When 4 < n and 1 < o < 2, we have £(x) < 00 a.s. for all x E R\ {0}. 

Proof We will use the same notation in Lemmas 12.11 and 2.3. Without loss of generality we 
assume x > 0. 

Case 1. 2 — A/k, < a < 2. In this case 7(0,2 — 4/«) < 0. We get by Lemma l2~T1 that ^4u>2-4/ K < 0. 
By Dynkin's formula we have 

P{r b <r b } > h\y\>*M~ A ' K /^.qfo^-N 1 - 47 * (3 5) 

By Lemma l2.3| letting a J, and then b j 00 we get the conclusion. 

Case 2. 1 < a < 2 — 4/k. By Lemma 12.11 we can check Aw a < 0. Hence we can get the same 
conclusion by the method above. 

Case 3. o = 1. By Lemma 12.11 we can check that there exists a number c > satisfying 
j 4 u, 3/2-2/k(2/) < f° r < \y\ < c - Hence we obtain lim y |o Py{ T o,c < Tc,o} = 1 by Dynkin's 
formula. Now, by the Markov property, we only need to prove that P x {T a , 00 < 00 } = 1 for ah 
a > and Here T aj00 = inf fe> 

By Lemma 12. 11 we have Aw\{y) < for y 7^ 0. Hence we have by Dynkin's formula 

l n\x\- fr M>b} ln\y\ fi bta (x,dy) 

Px{T a ,b < U,a} > 



I{\ y \<a} ln M/V&O 3 ^ d v) ~ f{\y\>b} ln \v\ Vb,a( x ' dy) ' 

By Lemma 2.3, letting b j 00 we have Pj;{r 0) oo < °°} = 1- D 

Lemma 3.3. Lei 4 < /c and < a < 1. There exist constants k\,k2 > depending on K,a,6 
such that 

P x {( = 00} > &2, for all x > k\. (3-6) 

Proof By Lemma l2~T1 we can choose c large enough such that ^4w a /2+i/2(y) < f° r |y| > c /2- 
Hence we have 

Px{T c/2 ,b > r biC/2 } > j 1 Z-i 1 A \ f j-j5=i 1 — TT' C < X < 6 - 

J{|j/|<c/2} M Va,fe(x, dy) - J {|y| > fc} /i V (x, dy) 

By Lemma 2.3, letting 6 | 00, we get the conclusion. □ 
Proposition 3.4. Let 4 < k and < o < 1. There exists constant c > swc/i i/iai 

(a) i|x| 1 - 4/K <P x {C = oo}<c|x| 1 - 4 / K , < |as| < 1; 

(b) ^r -1 < Px{( < 00} < c|x| Q -\ |x|>l. 
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Proof First we prove the upper bound in (a). Define functions u\(y) = |y| 1_2 ^ K A 2 and 
U2(y) = |y| 1_4//K A 2. Now we suppose 1 — 2/k < a. By Lemma |2~T1 and direct calculation we 
have 

- < lim A»/ 2 ui(y)/|y| 1 - 2 /' s - a < cr, - < lim K /2 u 2 {y) M 1 ^'^ < c 2 . (3.7) 
ci li/lio y c 2 13/14-0 y 

for some positive constants ci and c 2 . Choose a small positive real number C3 such that 1*2(2/) — 
c^u\{y) > for y 7^ 0. By Lemma 12. II we have 

^4(u 2 - c 3Ul )(y) = -c 3 (l - 2/ K )|y|- 1 - 2 / K + 0A«/ 2 (n 2 - c 3 «i)(y). (3.8) 

Let fi = w 2 -4/ K — C3U. By (|3.7j) and (|3.8[) . we can find a positive real number C4 such that 
Afi(y) < for y 7^ and |y| < C4. Applying the same notation as in Proposition 13.11 we have 
for < a < C4 

PW >T )< ^ 
1 x\ l a,C4 'C4,aJ 



I\y\> CA h(v) Mc4,a(x,dy) - J M < a fi(y)Ha,c 4 (x,dy) 
By Lemma 2.3, letting a j in the equality above, we have 

x i— A/k 



P x {( = 00} < P x {t c4 > r C4! o} < 



lim, 



40 I\y\> c J^y) ^c 4 ,a(a;,dy)' 



which gives the second inequality in (a). When 1 — 2/k > a, we can prove the upper bound in 
the same way as above by noticing that 

— < lim A"/ 2 u(y)/ In |y| < c, when = a; 

C \y\l0 y 

\A^ 2 u(y)\ <c, ye (-1, 1), when > a, (3.9) 

for some constant c depending on (3 and a, where u(y) = \y\@ A 2. This can be checked directly, 
see also Proposition 2.3 in [B] and Proposition 2.5 in 

Next we prove the lower bound in (a). We use the notation k\ and k 2 as in Lemma 13.31 
Let 7/3 (y) = |y| 1_4//K A M for some M > 0. Choose M big enough such that Aus(y) > for 
< |y| < k\. By this fact and applying the same method as above, we can prove that for some 
constant C5 

Px{r kl ,o < t om } > cslxl 1 " 4 ^, < x < k x . 

Hence by the Markov property and Lemma 13.31 we get P x {( = 00} > k 2 c^\x\ l ~ A / K and complete 
the proof of (a). We omit the proof of (b) as it can be proved by similar discussions. □ 



-valued Bessel-type processes driven by U = + 9 1 l a S 



In this section we consider the problem whether the Bessel-type process on the complex upper 
half plane, given in (|2.4|) . can hit 0. Denote this process by ht{z) = hi t t{z) + ih 2j t(z) and 
z = z\ + iz 2 . For z S H, we have that 



dh 2)t {z) 



2hi, t (z)dt 

hlt(z) + hl t (z) ' 
-2h 2it (z)dt 

h\Jz) + hUzy 



dU t , hx,o(z)=z 1 , 
h 2 ,o(z) = z 2 . 



(4.1) 
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4.1 The subcritical phase < k < 4 

We have to prepare some results to deal with the hitting problem. For 5 > 0, denote by 
Vs = {z = Z\ + iz% : < Z2 < <5|-zi|)} the double wedge of slope 5, and rg = inf{i > : ht G V$} 
the first entrance time. 

Lemma 4.1. If n > 0, then for each 5 > and z G H, 

P 2 {r 5 < oo} = 1. (4.2) 

Proof The proof is in five parts. 

1. We reduce the proof to small z. We only need to prove (|4.2j) when z ^ Vs. Without loss of 
generality we assume that 5 < 1. Let s > and denote 

ds, s = inf{t > : ht G Vs or /i 2 ,t < s}. 

We claim that d^s < oo a.s. This will follow if we show P Z (E) = for 

E = {u G SI : |/ii,tM| < 22/6, 7i2,tM > s for all f > 0} . 

In fact, we have for a.e. to G -E 

.. , , . , -2h2,t(u>)dt f l 2sdt 

hm fo 2 ,tM =z 2 + hm / 2 2 < z 2 - Inn / 2 — 2 = -00, 

which is absurd for a process in EL Next, by the Markov property, 

P z {t s < 00} =P z {h dss G V s } + P z {h dStS i V S ,T S < 00} 

=Pz{h dti . 6 V^} + ^ [hh^myPh^irs < 00}] . (4.3) 

Notice that /i2,d 5s = s on {/trf 6s ^ V^d^s < 00}, and (|4.3|) implies that we only need to prove 
(|4.2j) when < \zi\ < Z2/S and Z2 small enough. 

S. Locally, the Brownian fluctuations dominate the stable fluctuations. As a~ 1 / a S a t has the 
same distribution as St for a > 0, we have 

P<jV /Q N < iv^lnlnfl/t) j =p||5i| < ie-W/a-V* In ln(l /t) 1 1, 

when i j 0. Hence we can find i such that P^ 1 /"^ < In ln(l/t)} > 1/2 for < t < t . 

Now let s > such that 

f 1 2881 „ 
s < t A2exp<^ --exp— } =: t x (4.4) 



2 k5\ 

and let z G H such that < \zi\ < s/5 and z 2 = s. By (|4.4|) . for < t < s 

C/i > y / 2Ktlnln(l/t)/2} 



>p|5 t > v^<^MV*)}p{^l'St| < V 2Kt ln ln (!A)/ 2 } 

ip{Bi > V21nln(l/<)} 



> 

~2 



>^== ; (4.5) 

4 v / 2^1n(l/t)^21nln(l/t) 
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The last inequality of (|4.5|) follows from J x °° e y / 2 dy > x I 2 dy for x > 1. 

5. /i2,t decreases quickest if h\j = 0> anc ^ ^i,t reflects high values ofU t . By (|4.1jl . for each y > 
with h,2o = y we have 

/i2,« > y/2, when < u < 3y 2 /16. (4.6) 



Therefore, if {7 S 2 /16 > Sv /2/eln ln(16/s 2 )/8, then by (g3J and 



1^1, 



s 2 /16l 







,«Vi6 2 

>)?7 S 2/ 16 | -s/8- / -dit 
jo s 



>s v / 2Klnln(4/s 2 )/8 - 2s/<5 
>s/8, 

which leads to 

[U s y 16 > s^Klnln(16/s 2 )/8} C {r^ < s 2 /16} . (4.7) 
By piSjl and (|4~7|) . we obtain 

P z {r* < S 2 /16} > P {U s y 16 > S ^lnln(4/ S 2 )/8} > - 1 (4.8) 

1 J 8v27rln(4/s)A/21ii(21ii(4/a)) 

4- Consider a positive starting height sq < t\ and levels sq/2 11 , n > 1. VKe control t$ between 
successive levels. Define T n = inf{t > : h2,t = so/2 n },ra > 1 and To = 0. Let p n = P z {ts € 
(T n _i,T n ]}. By and we have 

1 

Pi > 



^7rln(4/s )V21n(21n(4/a )) 
By the Markov property, Q4.6JI and (|4.8|) . we have 

Pn =E Z [P z [t S G (T„_!,T n ] I^Tn-x]] 



n-lr\ - / Z' S ° x2 



^>T„„ 1 }^ Tn _ 1 ^ I^Tn-xl < So/(T-^),T 5 < {^j /16 



> ;= 1 / P z \t 5 > T n _i| 

8\/27r(ln(4/so) + (n + 1) In 2) y*2 ln(2 ln(4/s ) + 2(ra + 1) In 2) 



1 



2vr(ln(4/s ) + (n + 1) In 2) ^2 ln(2 ln(4/s ) + 2(n + 1) In 2) 



n-l \ 

i-E» ■ 

fc=l / 



5. VFe conclude. Now the proof is complete if we show X^n>i = 1- Otherwise, we would have 
Y, n >iPn < 1 and 



S ^ > S 8\^F(ln(4/s ) + (n + 1) In 2) ^2 ln(2 ln(4/s ) + 2(n + 1) In 2) ( 1 ^ 



re-l N 



" ^ 8v^F(ln(4/ So ) + (n + 1) In 2)^2 ln(2 ln(4/s ) + 2(n + 1) In 2) |^ 

=oo, 

which is a contradiction, so we must have X^n>iP« = 1 as required. □ 
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Lemma 4.2. Let z = Z\ + izi G EI and let < k < 4. T/ien /or any e > 0, £/iere exists 5 > 
sitc/i i/iai -P 2 {C < °°} < £ f or z G Ks? i/ie double wedge of slope 5. 

Proof For convenience, we will use the notation of Lemmas 12, II and 2.2. For example, we still 
use notation r a ^ and Tb, a for the inner and outer exit times of (/ii,t)t>o from {x £ R : a < \x\ < b}. 
We also denote the exit time by r = r aj b A Tfc jfl . For c > and a C 2 function /, set 

Acfiy) = -^-^d y f(y) + ^d 2 y f(y) + eA«/ 2 f(y), for y ^ 0. (4.9) 

Let /? = (2/k - 1/2) A (1 - a) if a < 1 and = (2/k - 1/2) A 1/2 if 1 < a < 2. Then we have 
4k~ 1 (1 + /3) -1 — 1 > 0. Let < k < e 1 ^ A 1 and let 5 be a positive number such that 



^V^Tffl" 1 (410) 

Define / = 101-/3. Noticing that A a / 2 wi_ / 3(y) < 0, and applying ()4.1U|) . we have for any \y\ > kz\ 
and < c < <5zi 

yZ _|_ ^ y 

/? / 2y 2 



< 



\ y \2+f3 y y 2 +c 2 2 
-/? / 2 «(! + /?) 



|y |2+/3 \j + < j2/ fc 2 2 

<0. (4.11) 



Let t = T a b A Tb ta for /czi < a < z\ < b. By Dynkin's formula, 

£,/(/ii,t) =zf + £ z / T A 2 „/(/»!,«-) d«. (4.12) 

JO 



Hence by (|4.11|) and /i2,« < fei, we obtain E z f(h\^ T ) < z 1 . Therefore, by Remark 12.21 
P z {( < 00} < )\mP z {T kzi j } < n tkzi } 

b\oo 

z i - f{\ y \>b}\y\~ p 

~ 6T °° h\y\<kzi} M _/ Wi,&( z > dy) - $ M > b} \y\~ p Vb,kzi( z > d v) 

<k < e, 

which completes the proof for < k < 4. □ 

Theorem 4.3. Let < k < 4. For any z E M \ {0}, we have P z {( = 00} = 1. 

Proof When Z2 = 0, the conclusion follows from Proposition 13.11 When Z2 > 0, the conclusion 
follows from Lemmas 14. II and 4.2. □ 

4.2 The supercritical phase k > 4 

We first show that we control the return time to the imaginary axis outside an asymptotically 
negligible event. This will be useful when we choose regeneration points on the imaginary axis. 
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Lemma 4.4. (1) Let k > 4, 1 < a < 2 and let z = Z!+u 2 gI\ {0}. Denote f = inf{i > : 
h\t- = 0}. Then r < oo u>ii/i probability one. Moreover, if a > 2 — 4/k, i/ien £/iere exists 
a constant c and an event 8 suc/i 



C\Z\ 



1-4/k 



for < 1 2i | < 1. 



(4.13) 



// 1 < a < 2 — 4//c, i/ien /or any < f3 < 1 — 4/ k, there exists a constant cp and an event 
Q/3 such that 



E z [Ie^r] < cp\ Zl f, P z [Q c p] < c p \zif, for < \zi\ < 1. 



(4.14) 



Specifically we can take and Op both to be {uj £ £1 : TQ^i^) < r 2,o( w )} 14-13\ ) an d 

WW - 

(2) Let k > 4 and < a < 1, then (4-M) is true. 

Proof Define A c by (|4"U)) . By Lemma l2~Tl we have A c wp < for (3 = a A (2 - 4/k). Then, 
applying the same method as the proof of Proposition 13.21 we can prove the first conclusion. 
Now let q > 2 — 4/k. By the same arguments as in (3.5) we have 



1-4/k 



Pz{t^,2 > T 2 ,o} < 



h\y\>z} 1 2^ 1 1 4/K ^2,o(My)' 



(4.15) 



Let f(x) = x 2 A M for x G R and M > 0. Choose M big enough such that 6A a / 2 f(y) > -k/2 
for |y| < 2. Set = {to. 2 < 72. o}- Taking notation of Lemma l4.2[ we have by Dynkin's formula 



E z [f (h! 

,T0,2AT2,0 )] >zl + E z 



>zf + E z 



Is 



A h 2 , u f(hi, u -) du 



hlu-+hl u ' 2 



+ - \ du 



By (|4TT5|) . we have 



E z [f (^l,To,2Ar 2 ,o)] < 



(4.16) 



Mz 



1-4/k 



k\y\ 



>2} 



I 1-4/k 



H2${z,dy) 



Hence ()4.13f) follows from (|4.16|) . We omit the proof of the other results as they can be proved 
in the same way. □ 

Lemma 4.5. Let [5 > 0. Let (a n ) n >o be a sequence positive numbers such thatai < (1 + 1/ /?)~ 1///3 
and a n+ i < a n — an +l3 ' / ' (3. Then 

a n < (a^ + n- 1)~ 1//3 , for all n> 1 . 

Proof It is easy to see that the assertion is true for n = 1. Now suppose that the assertion is 
true for n = k. Notice that f(x) = x + x@ +1 /f3 is a increasing function on (0, (1 + l//?)" 1 //*) we 
have 

a k+ i <a k - a£ +1 //? < (a^ + k - 1)~ 1//3 - (a^ + k - lyV+W/p < (a^ + k)- 1 ^, 
which completes the proof. □ 
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Theorem 4.6. Let k > 4. Then the following assertions are true. 

(1) When 1 < a < 2, then for any z £ EI \ {0}, we have P Z {C < °°} = 1- 

(2) When < a <1, then lim^|j_ Q P z {( < oo} = 1. 

Proof (1) When z<i = 0, the conclusion follows from Proposition 13.21 Next, we assume Z2 > 
and, without loss of generality, Z\ > 0. By Proposition VIII. 4 in [2], there exists a constant 
positive number k\ such that 

P{|5i| > x} < k lX ~ a , forallx>0. (4.17) 

Denote (3 = 1/4 — 1/k. Let a\ be an arbitrary positive number such that 

«1<*a(£) <(l + jj . (4.18) 

Denote r/o = and £i = inf{t > : /i2,t = ai}. By (|4.1|) . we can check £i < oo a.s.. Set 

a 1+/3 

hi = ax ^— ; r?i = M{t > £i : h 1>t = 0}. 

By the Markov property and Lemma 14.41 we have r/i < oo a.s.. Define by induction 

«n+l = h2 )Vn ; Cn+1 = H J^— ! = On+1 ! Vn+l = inf{f > £, n+ l : hlj = 0} . 

By the definitions above and Lemma 14.41 we see that £ n < rj n < £ n +i < ^n+i < 00 , and these are 
sums of decreasing amounts of waiting time and subsequent return times of ht to the imaginary 
axis. We will show that for almost all n > 1, we have good control of real and imaginary parts 
of ht so as to deduce that we reach zero in finite time. Specifically, set 

En = f| {\hi, t \ < a n }; H n = {h 2 £ n < b n }. (4.19) 

t6[»7n-l,fn] 

Next we prove a lemma for preparation. 
Lemma 4.7. We have 

ft IK 1^-,] < ^2 /2 »p {-^} + (4.20) 

#n C (4.21) 
Proof Denote ^ = inf{t > : h^t = a n /2}. By Q4.1JI . we can prove 

h 2 £ n > On/2. (4.22) 
In fact, if h,2£ n < a n /2 we have £' n < £ n and hence 



y - a 2 , c -a„ + / 



>a n - / r — 

>a n - 5a^//3. (4.23) 
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By we have a n < 10a n +/3 //3 < 10afa n //3, which contradicts (|4~T%|) . 

By ({02}) and ljlTT]> . for r/ n _i < t < £ n , we have 



l"i,t 



2/ii,-u 



fr 2 4- h 2 



du + Ut- t/^ n _ 1 



<|^-C/ J7n _ 1 |+ / — du 



Vn-l a n 



=\U t -U rin _ l \ + 5a 1 +i 3 /P 
<\U t - U Vn ^\ + a n /2. 



(4.24) 



By the reflection principle and (|4.17|) . 



SUp \U t - IV-il > fl n/ 2 



rjn-1 



<2P Z [^\B in - B Vn _ x \ > an/4| r^_i] + 2P, - S^J > a n /4 

'4/3\ 1/a 



<2P Z 



Vn-l 



+ 2P Z 



Vn-l 



1^1 10M 2+M 

a " eXp ] 40k f + 4i-°/5 a " 



/3vr 



(4.25) 



Combining 1)4.24(1 and (|4.25|) . we obtain the first inequality in (|4.2U[) . 

Now suppose \hx u \ < a n when Vn-l < u < £ n . Then we have 



2h 2 , u 4 



By flPl , 



«2,C„ = On + 



-2/l2 u 

2 h °" - a « 



du = a n — a)^P I (3 = b 



'Vn-l a i,u + n 2,u 

which proves (|4.21j) . 

Continuation of the proof of Theorem 4.6: Denote 

Tb, n =?M A inf {t > : ^l,t = 0, \h 1)U \ < 2 for £ n < u < t} ; 
t 2 ,„ =% A inf {t > £ n : h 1>t = 2, \h 1<u \ > for £ n < u < t} 

By Lemma 14.41 there exists a constant k 2 > such that 



□ 



(4.26) 



Ez [l{T0,n<T 2 , n } (Vn ~ U)\^ n ] < k 2 \h Un \ l ' 2 - 2 '\ P z [r , n > T2,n < 1 /»!,{ J , 

(4.27) 

when < |/ii,g n | < 1. Denote F n = {r 0i „ < t 2i „} n and set F = f|n>i-^- B y dHH)) and 
Lemma 14.51 



JV-1 N 

P| E n C P) |a n < (a^ + n - 1)~ 1//3 } , for all JVeN. 



(4.28) 



ra=l n=l 
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Write d n = a x P + n - 1. By (gJHD , fCTSJ), (|^77|) and (jOHl) . 



P z [F] = lim 



A' 



2V- 

> lim E 

N— >oo 

> lim £ 

TV— >oo 

> lim E 1 



lim E z / n jv-i F Ie n P z [tq,n > t 2 ,n \Fe N 

/— »00 L 1 In— 1 ± n 

(i-^uj i/2 - 2/ 
ta 1 ^* (i-fe 2 |a^r /2 - 2/K ) 

^^fJEn (! - ^2^ 2 ) 



lim (l-k 2 d^)E z 



N^oo 



> lim (l-k 2 d^)E z 



> lim (1 - fc 2 <V) 1 



>n(i-Mn 2 )(i 

n=l ^ 



160k s/2 

exp 



go/ 1 lOfcifl 2 +/3- 
" 40k I 4 1 "°/3 a7V 



160k 1/2 

/37T 



160k 



/3tT " 



cxp 



fldN \ _ lOfcig >7 -l-(2-a)//3 N 1 p 

" 40k J 41-/3 % 



/3d n \ 10M ,_i_(2- 



7V-1 
n=l 



n=l 



>i-£(m- 2 W^- 1/2 -p 



/3vr 



40k] 4 1 -"/? n 
(3d n \ + WkiO d _ x _ {2 _ a)/0 



40k J A 1 - a f3 



By the definition of d n and (|4.29j) . we have 



limPJ.Fl = 1. 



(4.29) 



(4.30) 



Set £ = lim £ n and £0 = 0. By Lebesgue's monotone convergence theorem, (|4.18j) . (|4.27|) and 

n^oo 

F z [i>£] = lim ^ [i>£ n ] 



= lim V] E z [I F - %_i)] + lim V] £ z [J F (%_i - £ fc _i)] 

n— >oo ' n^oo ' 

fc=l 



k=l 
n 



lim V£ 2 

n — >oa — ^ 



k=l 



If 



ha 



2+/3' 



< 



2> 



fc=i 



5d; 



4/3 

1-2//T 



4/3 



k=l 

00 

fc=i 



< 



00 00 



fc=i 



fe=i 



I {T ,k-l>*)Lk-l}( r H>-l -6-l) 



< 



00 00 



E £ ^+E £ 4 / n; ; ;^ fe i'"^.i 1/2 ' 2/ " 



fc=i 



it=i 



00 _ ,-1-2/0 00 

fc=i ^ fe=i 



r 1/2-2/ K 

'n^iE^k-i 
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co _ 1— 2/(3 oo 
k=l k=l 

<oo. (4.31) 

By (|4.28|) . we see that F C {lim^^oo a n = 0}. Hence by the definition of £, we see /i2,£ = on 
F. From this fact and Proposition 3.2, we know ( < oo on F. Notice a\ can be arbitrary small, 
we obtain the conclusion by (|4.3()j) . 

By the same proof as above we see that (2) can also be proved. □ 

4.3 Remaining critical and boundary values k = 4 and k = 

For z = z\ + 1Z2 with z<i > 0, denote 

w p {z) = (zl + z 2 2 )^l\ p^l; ti l = ]n(4 + 4)- (4-32) 
For function / on the upper half plane, we set 

4f (*) = -^ld Z2 f(z) + -^L_d z J(z) + ^d 2 z J(z) + ^/ 2 /(z). (4.33) 

Lemma 4.8. For < p < a + 1 and = 0, 

^ = ^(zf + z|)(p- 5 )/ 2 (( K - 4)z 2 + (4 + «(p - 2))z 2 ), 

Am = (« - 4)(z 2 + z 2 2 )- 2 (z 2 2 - z 2 ). (4.34) 

Proof When p ^ 1, we have 

= - 2(p - l)(z 2 + zl) { P-^l 2 z\ + 2(p - l)(zj + zl)^l 2 z\ 

+ ^(p - + ^l) (p - 3)/2 + \<V ~ 1)(P - 3)(, 2 + , 2 2 )^- 5 )/^ 2 
=(p - l)(z 2 + z 2 )^ 5 )/ 2 (-2z 2 + 2z 2 + + z 2 ) + | (p - 3)z 2 ) 

=^(*l + ^I) (p - 5)/2 ((^ - 4)z 2 + (4 + «(p - 2))z 2 ). 
The second equality can also be verified directly. □ 
Remark 4.1. By (|4.34|) . when 9 = we have 

Aw 2 ^ /K = + z 2 2 r 3 / 2 ~ 2 /% 2 , (4.35) 
and hence Aw\ = for k = 4. 

Lemma 4.9. For eac/i < p < a + 1, there exists a constant c such that 

|A^/ 2 {5 p (z)| < cOzi^" 1 "" A H^ 1 ""), for z ^ 0, |z| < l,zeW. (4.36) 
Proof First we see the case p < 1. We claim that function 
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is bounded for t £ [— 1, 1]. In fact, we have for \t\ < 1 

(( y + 1)2 + £2)(p-l)/2 _ (1 + f2)(p-l)/2 



lv(*)l 



7. 



{|wl>l/2}- 



\y\ 



l+a 



dy 



+ 



1/2 (( y + !)2 + f2)(p-l)/2 _ (1 + t 2 )(p -l)/2 _ (p _ + t 2^(p-3)/2 y 



1/2 



< I. 



{|!/l>l/2}- 



ly + ll^ + l 



|y| 



l+a 



;l/2 |p _ 1 | (( 1)2 + t 2 )(p -3)/2 M 2 + | (p _ 1)(p _ 3 )|(3)2 (( 1)2 + f 2 ) (p-5)/2| y |2 



1/2 



+ l /-1/2 |p_l|23-P + |(p_l)(p_3)|(3)22p-5 



~ 1 J {|2/l>l/2} I^T+a + 



1/2 



|y| 



a-l 



dy 



<oo, 



which gives the bound of 92 on [—1,1]. We denote this bound by c\. Hence for < lj we 

have 



£i0 .>{l/:|l/-2i|>e} 



= ^(l,-a)|zi| p - a - 1 

< 01^(1, -a) |^i l^"- 1 
On the other hand 

A-/ 2 ^(z) 



lim 

eiO J {y:\y-l\>e} 



\y- Zl \ l + a 

(y 2 + {z 2 / Zl f)^-W - (1 + (z 2 / Zi ) 2 )(p-W 



| y _l|l+a 



dy 



(4.37) 



=^(l,-a)|zi| , '- a - 1 Iim 

ej.0 



=^(l,-a)|z 2 r~ a_1 hm 

e|0 



((y + l) 2 + (z2/zi) 2 )W* - (1 + (^M) 2 ) (p - 1)/2 



I l+a 



{j/:|2/|> E } 1 2/1 

((y + CV^ + i)^- 1 ^ 2 - (1 + (V^ 2 ) 2 ) (p - 1)/2 

{2/:|2/|>e} bl 



l+a 



dy 
dy 



By similar calculations as above, we can also find a positive number c 2 such that 
((y + (zi/z 2 )) 2 + l)^ 1 )/ 2 - (1 + (zi A 2 ) 2 ) (p - 1)/2 



lim 

elO 



I l+a 



<C 2 



(4.38) 



(4.39) 



<{y--\y\>e} \v\ ] 
for |zi/z 2 | < 1- Combining (|P7j) . (|4~3"5)) and (j09Jl . we get 

which completes the proof for p < 1. The case p > 1 can be checked with the same method. □ 



Theorem 4.10. Let k = 4. TTien /or any 2 € H \ {0}, we /iaue P 2 {C = 00} = 1- 
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Proof As in the case of the real line, we need to construct a continuous function / which is 
subharmonic with respect to A on a pointed neighbourhood of zero and satisfies 

lim f(z) = -oo; lim f(z) > 0. (4.40) 

\z\l0 \z\1'oo 

First we see the case a > 1. Let f\ be a continuous function on H such that 

fi(z) = -w 2 _ a/2 , \z\<l,zeM; /i(z)=0, \z\>2,zeW. 
By (j4.36|) we can check that there exists a positive number c\ such that 

Af < ci (ki| 1_3a/2 A |z 2 | 1_3a/2 ) , for |z| < 1/2, z el. (4.41) 
By (|4.34l) and (|4.36|) . there exist positive numbers c 2 and C3 such that 

Afi{z) > c 2 (zf + z|)-( a+2 )/ 4 , for = and zeI. (4.42) 

and 

|A°/ 2 ^(z)| <c 3 (|zir Q A|z 2 r Q ), zeW. (4.43) 

Denote f = fi + wi- It is easy to see that / satisfies (|4.40jl . By (j4.41|) . (|4.42j) . (|4.43|> . and 
noticing that —(a + 2)/2 < —a < 1 — 3a/2, we get 

lim Af(z) = 00. 
1*110 

Hence by (2) in Lemma 2.3 and Dynkin's formula we finish the proof of a > 1. When < a < 1, 
the proof is still valid provided that we define f\ by 

h(z) = -w l+a /2, \z\<l,zeW; fi(z) = 0, \z\>2,z€M. 

When 8 = we can simply choose / = w\. □ 

Next we consider the pure jump case, i.e. k = 0. The proof for this case is similar to 
the case of < k < 4. For 5, 7 > 0, denote Vy t g = {z = {z\,z 2 ) : < z 2 < 5\z\\ 1 / 2 } and 
<7 7i< 5 = inf{£ > : h t £ V^}. 

Lemma 4.11. If k = and < a < 2, then for each 5 > and z G H, 

P 2 {a Qi a < 00} = 1. (4.44) 

Proof We only need to prove ()4.44j) when z ^ V^^. Without loss of generality we assume 
that 5 < 1. By arguments similar to the case of < k < 4, we only need to prove (|4.44|) when 
< \zi\ a l 2 < z 2 /5 and z 2 small enough. 
Now let s > such that 



s<4exp j-iexp{3(2 4 / a ),T 2/a #- 1/a }j =:t x (4.45) 

and let z € H such that < \zi\ a l 2 < s/5 and z 2 = s. By Proposition VIII. 4 in 0, there exists 
a positive number k\ such that for < t < s, 

f{[/< > (^) 1/a lnln(l/£)} =P{5i > lnln(l/i)} > h (lnln(l/t))~ Q . (4.46) 
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We claim that if U s2/1G > 2- i / a 8 1 / a s 2 / a lnln(16/s 2 ), then 

\hi, u \ > (s/5) 2/a , for some u G (0, s 2 /16]. (4.47) 
If this is not true, by (|4~l)|) and (|4.45|) . 

2/16 2h^ 
hiu + hl u 



Pl,s 2 /16| 



>2-^ a e 1/a s 2/a lnln(l6/s 2 ) - 2{s/5) 2/a 
>(s/S) 2/Q , 

which leads to a contradiction. By ()4.47j) 

[U S 2 /16 > 2- 4 / a 6 1/a s 2/a lnln(16/s 2 )} C {a a>6 < s 2 /16} . (4.48) 

By (fl~4f)|) and we obtain 

Pz {(T a ,5 < s 2 /16} > P {^ S 2 /16 > 2- 4 / Q 1 / a s 2 / a lnln(16/s 2 )} > fci(lnln(16/s 2 ))- Q (4.49) 

Let so be a positive number such that so < *i/4. Define T n = inf{t > : /i2,t = so/2 n },n > 1 
and Tq = 0. Let p n = P z {cr a> s S (T n _i,T n ]}. By the Markov property, 1)4.6)) and ()4.49jl . we have 



p n =£ z [Pg [a atS G (T n _i,T n ] |^r n _i]] 

>fe 1 (ln(2(n + l)ln2 - 21ns )~ a P 2 {ff a ,5 > T„,-i} 
>fci (ln(2(n + 1) In 2 - 2 In s ) 



n-l \ 

fc=i / 



Hence we can prove 1)4.44 |l by the same method as in the case of < k < 4. □ 

Recall that we denote r a b = inf{i > : hit < a > hi tU < b, for all < u < t}. 
Lemma 4.12. Let z = (zi,z 2 ) G H \ {0}, k = 0. 

(1) If0<a< 1, then P z {( < oo} = 0. 

(2) If 1 < a < 2, for any e > 0, there exists 5 > suc/i i/mf P z {0, To !C (0 )Q: ) < 7" c (0,a),o} < e / or 
z satisfying < |z 2 |/M q/2 < 5 and < |jaf X | < c(0,a) := (24(1, -0)7(0, \)B)- x ^- a \ 

Proof For convenience, we will use the notation of Lemma l4.2l Here we set 

A c f(y) = -^-^d y f(y) + 6A«/ 2 f(y), for y G R \ {0}. (4.50) 

for any C 2 function /. When < a < 1, we can check that A c wr a+ iy2(y) < for y 7^ 0. We 
can also check that 4 c u>i(y) > for y 7^ 0. Hence we can prove (1) by Dynkin's formula. 

Next we assume 1 < a < 2. Let < \z\\ < c(9, a). For any e > 0, let < k < e 2 A 1 and let 
5 be a positive number such that 

/ a \ 1/2 

4< U(i,Jfh(a,iy>) (451) 
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Define / = W\j2- We claim that A c f < if 

k\ Zl \ <\y\ < c(9,a), < c < 8\z x \ a/2 . (4.52) 
In fact when k 2 \zi\ 2 < \y\ 2 < S 2 \zi\ a , by (|4.51|) 



1 1/2 _ , / 1 

<M"^(i£ + *i.-a)7 («■£)») 

<0. (4.53) 
Similarly, when c(9,a) 2 > \y\ 2 > <5 2 |zi| Q , 

A c f(y) <\y\- l ' 2 - a f + .4(1, -a) 7 (a, fl) < 0. (4.54) 

Combing (|4.53j) and (|4.54|) . we get the claim. Thus, applying Dynkin's formula to /, we have 

Pz { T 0,c(e,a) < 00 } <Pz \Tk\zi\,c($,a) < r c(0,a),fc|«i \ } 

\ Zl \~ 1/2 ~ h\y\>c(e,oi)}\y\~ 1/2 ^c{e, a )Mzi\( z ^y) 



< 



h\v\<Mzi\} 1/2 Vk\ziM8, a )( Z 'dy) - l { \ y \> c{ 0,a)} \V\ 1/2 »c(e,a),k\zi\( Z ' d y) 

<k 1 ' 2 < e, 

which completes the proof. □ 

Theorem 4.13. Let k = and < a < 2. For any z G H \ {0}, we /iai>e P 2 {C = °o} = 1- 

Proof When z<i = 0, the conclusion follows from Lemma 1.3. 11 When Z2 > and < a < 1, the 
conclusion follows from Lemma 14 . 1 1 1 and 14 . 1 21 

Next we assume 1 < a < 2 and z G H. For any n G N and e > 0, by Lemma 14.121 there 
exists 5 n > such that P,s{to )C (0 )Q ,) < T 0jC (e iQ ,)} < e/2 n for < |zi| < c(6,a). For any z G H, 
define t\ = inf{t > 0;h t G Va n>a } and a"i = inf{t > n; |foi,t| > c(9,a)}. Define by induction, 
T n = inf{t > cj n _i; h t G V^ n , a , |^-i ,f| < c(fl,a)/2} and cr„ = inf{t > r n ; |/ii )t | > c(0,a) or = 0} 
for n > 2. By Lemmas 14 . 1 1 1 and 14 . 1 21 as well as the quasi-left continuity of paths, we have 



P z {( < oo} = P z {a n = (<oo} + P z 



n=l 



p| {a n < ( < oo} 



,71=1 



OO 



2 r ' 

n=l 



which completes the proof. □ 
4.4 Proofs of Theorem 11.11 and Corollary 11.21 

The statement of Theorem 11.11 is contained in Theorems 14.31 14.61 I4.1UI and 14.131 To prove 
Corollary 11.21 we just note that the generator of the stable process with all jumps of size 
exceeding c removed has as its generator 

£ i- v J {y:e<\y-x\<c} \ x U\ 
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and a computation as in Lemma 12 . II shows that 

A^w p (x) = A(l,-a)\x\ p - 1 - a ( 7 ( a ,p)-^^ ° v p ~ 2 \l - v\ a ~ p dv 



a 



l—x/c 



and for x small enough, the right-most factor has the same sign as 7(0, p). It can now be checked 
that all arguments can be adapted. □ 

5 The increasing cluster of SLE driven by U = + O'^S 

Denote the life time of (h t (z))t>o starting at ho(z) = z £ M by as in Section 2.2 and define 

K t = {zeM, az)<t}, 

the associated family of strictly increasing compact sets in EI, and EI \ K% the associated simply 
connected open set. First note that unlike the Brownian case, Kt is not always connected by 
the following lemma. 

Proposition 5.1. 

F{K t is a disconnected set in H} > 0, for all t > 0. 
Proof Let t > 0. Set r = inf{s > : \U S \ > 1}. By (2.4) we have for u < r 

r u 2 r 2 

\h u (z)\ = \z+ - —ds\ >\z\- / — -: -ds. 

Jo n s — u s Jq \n s \ — 1 

Hence we can check that 

K T - C B(0,2t + 2), for r<t. (5.1) 
Denote Loewner's conformal mapping associated with K T by g T , and 

B = {U T - U T - > 2sup{|c/i iT (z)\ : z £ £(0,2t + 2)} + (4t + 5)}. 
By (5.1), we have 

B C {K T is a disconnected set}. (5-2) 
Set B' = {\U S — U T \ < 1, r < s < r + t}. By similar arguments as for (5.1) we have 



g T (B(0,2t + 2))r)B(U T ,2t + 2) = => K r _ n K t \ K T _ = 0. (5.3) 

As F[B n B'] = F[B]F[B f ] > 0, by (5.1)-(5.3), we get the conclusion. □ 

Proof of Theorem 11.31 In what follows we denote Lebesgue measure on EI by m{ ). Recall 
that Theorem 11.31 claims the following: (1) When k < 4, we have m(\J t>0 Kt) = a - s - (^) 
When k > 4 and 1 < a < 2, we have m(H \ Ut>o^) = °> a - s - ( 3 ) When k > 4 and 
< a < 1, we have lim r |o m(B(0, r) n (U t>o ift))/m(B(0, r)) = 1, a.s. and lim r i oo m(B(0,r) n 
(U t> o^))/m(B(O,r))=0a.s.. 

First we show that the lifetime function £(uj,z) is measurable from (J7 x H, .F (g> B(M)) to 
([0,oo],<B([0,oo])). Denote r* = inf{t > : h t (z) G 5(0, a)} for h Q {z) = z and a > 0. For any 
r > 0, we have 

00 00 

{(w, z) : C(w, < r} = (J |z| > 1/k, t^lo) < r}. 

k=ll=i 



25 



Hence we only need to show that {(w, z) : z G H, \z\ > a,rg(uj) < r} £ T ® 0(H) for any 
a > b > 0. As the coefficient function of the stochastic differential equation (2.4) is Lipschitz 
and satisfies the linear growth condition outside any neighbourhood of zero, by Theorem 6.4.3 
in pQ, we know that (ht(z))t>o, z£i, have the flow property before hitting B(0,b). Therefore 
we have {(u,z) : z G H, \z\ > cl,t§(u;) < r} G .F 0(31). 
Now let k < 4. By Theorem II. lf i). we have 



E[m{{z : ((z) < do})] =E 



L J {cw<oo} m ( d2; ) 



E [ / {CW<oo}] m (^) = /^{C < oo}m((iz) = 0, 



(5.4) 



which leads to (1). Similarly, by Theorem II. If li). when k > 4 and 1 < a < 2, we have for any 
n > 



E[m({z : C(z) < oo}, |*| < re)] = E 



^{|2|<n}-f{C(*)<oo} 7n '(<k ; ) 



L / {kl<n} E [ / {C(^)<oo}]™(^) = m{{z : \z\ < n}). 

H 

Hence, we have m(H\ [J t>0 Kt) = 0, a.s.. (3) can be proved by Theorem II. If hi) and the same 



method. 



□ 



6 /?-SLE driven by a-stable processes 

Let (St)t>o be the standard symmetric a— stable Levy process. For simplicity we take (St)t>o 
as the standard Brownian motion when a = 2. For 1 < (3 < 2 define the following generalized 
SLE {gt)t>0i which we call /3-SLE: 

d t9(z)= 2l9ti f~ 9 ^yf \ 90 (z)=z, zGM\{0}, l</3<2, 0<a<2; 
g t {z) - L l a S t 

where the derivative above is the right derivative as St is right continuous. Let ht(z) = gt(z) — 
6 1 / a St, then we have 

dh t (z) = 2 ^ff I" dt - 6 1/a dS t , h (z) = z, zeU\{0}. (6.1) 

Here (ht(z))t>o is again a well defined stochastic process up to hitting zero. In fact, similar 
to the SLE model we could use a much more general driving process in the above stochastic 
differential equation. In our setting, when x£l, (ht(x))t>o is an R- valued Markov process and 
its generator A a, @ ,e acting on C 2 function / is 

A a ^ e f(y) J-^—d y f(y) + 6A^ 2 f(y), for all y ± 0, 1< < 2. (6.2) 
y u 

We also denote simply h t = ht(x), where ho = x under P x . Also the lifetime of ht is again 
denoted by (. 

Proposition 6.1. Let 9 > 0, 1 < (3 < 2, and x £ R with x ^ 0. The following statements are 
valid: 

(a) If a > (3, then limsup| a .|j_ i : a;{C = oo}|x| _<5 < oo and limsup^Hoo P X {C < oo}\x\ s < oo for 
all < 5 < a - 1. 
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(b) If a = P, there is a phase transition at 9 (a) = 2/(A(l, —a)\^{a, 1)|) as follows 



P x ((<oo) = l if 9>9 (a) and P x (( = oo) = 1 if 0<9<9 (a). 

(c) If a < [3, then P x (( = oo) = 1. 

Proof (a) Let < 5 < a — 1. By Lemma 12.11 we can find a positive constant c\ such that 
A a 'P' Wi + s(y) < if < \y\ < c\. Hence for < a < x < c\ we have 

P x {( = oo} < hmP a; {r a ci > r ci „} 

aj.0 
< lim ■ 



= x 5 / lim / fi n a (x,dy) , (6.3) 

/ °-L° ^{|w|>ci} 

which gives the first conclusion in (a). Again by Lemma 12.11 we can find a positive constant C2 
such that A a,l3 ' 9 wis(y) < if \y\ > c-i- Similarly we have for < C2 < x < b 

P x {( < oo} < lim P x {n iC2 > t C2)6 } < x~ s / lim / \y\~ s /j, C2jb (x,dy), (6.4) 

which gives the second conclusion in (a). 

(b) Let (3 = a. Define the function 

By Lemma 12. II we can check that is a strictly increasing continuous function on (0, a) and 

93(0+) := \mi(p{p) > 0; hm<^(p) = 00. (6-5) 

plO p}a 

Denote by ip~ l the inverse function of if on (y?(0+),oo). By Lemma 12.11 and H6.2)) we have 
tc^-um = for G ((/?(0+), 00). Hence when 9 G (99(0+), 00), with the help of harmonic 
function w^-i^ we can prove the conclusion by the same method as in Section 3. When 
9 G (0, <£>(0+)] we can check that A a,l3 ' 9 wi > 0, which also leads to our conclusion. 

(c) By Lemma 2.1 we can find a positive constant C3 such that A a,l3,e wo — C3WQ < 0. We can 
prove (c) by this fact and the same method as in Case 2 of Proposition 13.11 □ 

The behaviour in (a) is new. It did not occur in the same way for SLE since Brownian forcing 
is at the same time at the top of the self-similarity range a G (0,2] and the critical forcing where 
the phase transition occurs, in particular, where in the upper phase the force is strong enough to 
overcome the potential of the singularity of ht at zero. For /3-SLE driven by an a-stable process 
with a > f3, the forcing is more than just strong enough to overcome the singularity at zero, but 
on the other hand, the outward drift is stronger and makes ht transient, so that there is positive 
probability that ht does not hit zero. In this, there are similarities with k > 4 and transient 
driving force for SLE. 

If a = 2 > /?, this can only happen if M n Uf>o = [a, b] for some —00 <a<0<6<oo. 
This means that the /3-SLE cluster then grows more in the vertical direction, whereas adding 
a transient driving force to SLE yields clusters that grow more in the horizontal direction (and 
necessarily by disconnecting jumps). 
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In what follows we concentrate on the critical and as such most interesting case j3 = a. We 
will show that the phase transition indicated in Proposition 16, II can be extended from z = x G R 
to z G M in strong analogy to the well-known k = 4 phase transition. Recall for 5 > 0, 
we denote by V$ = {z = z\ + iz2 ■ < Z2 < <5|-zi|)} the double wedge of slope 5 and by 
t$ = ini{t > : h t G V^} the first entrance time of h. 



Lemma 6.2. Let 6 > 0. Then for each 5 > and z£l, 

P z {r 5 < 00} = 1. 



(6.6) 



Proof By arguments similar to the case of Lemma 4.1, we only need to prove (|4.44|) when 
< \zi\ < Z2/5 and Z2 small enough. By (|6.1|) . for each y > with 7t2,o = y we have 



Q /r,2 + Q 



Now let s > such that 



hi,u > y/2, when < u < y a /2 



< le^expj-^expls^ 4 /"^- 1 /"!! =: h 



(6.7) 



(6.8) 



and let z G H such that < \zi\ < s/6 and Z2 = s. 
We claim that if 5 a «./ M > 2~ 4 / a slnln(16/s°), then 



If this is not true, by (|6.7|) and (|6.8I) , 



for some u G (0, s a /16]. 



(6.9) 



l,s Q /16l 



21 + 



s Q /16 91, 

fe + V^" 5 ^ /16 



> 



s/<5 



i Q /16 2l+a 



(6.10) 



9 1 / a S s a ! / m 

>2- 4 / Q 1 / Q slnln(16/s a ) - 2s/<5 

which leads to a contradiction. By ()6.9|) 

{s^/M > 2- 4 /" S lnln(16/ S a )} C {r & < s a /16} 

By (g3S|) and (joTTU)) . we obtain 

A < s a /16} > P {[/ s a /16 > 2- 4 / Q 1 / Q slnln(16/s Q )} > k x (lnln(16/s a ))" a . (6.11) 

Let so be a positive number such that sq < t\. Define T n = inf{i > : h 2: t = so/2 n },n > 1 and 
To = 0. Let p n = P z {t$ G (T n _i,T n ]}. By the Markov property, Q6.7|) and l|6.11|) . we have 

p n =E Z [P z [t s G (T n _i,T n ] |^T n _i]] 

>E Z [WA., {\hi,T n ^\ a/2 < so/ (2- 1 <5) ,r 5 < (^r)"/^} 

>fci(ln(a(n- 1) In 2 + 4 In 2 - aki s )~ a P z {t s > T n _i} 



n-l 



>fci (ln(a(n - 1) In 2 + 4 In 2 - a In s ) 



PA' 



fc=l 



Hence we can complete the proof by the same arguments as in Lemma 4.1. 



□ 
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Proposition 6.3. Let 1 < a < 2 and < 9 < 9 (a). For any z £ M \ {0}, we have P z {( = 
oo} = 1. 

Proof When Z2 = 0, the conclusion follows from Proposition 16, II When Z2 > 0, by Lemma 16.21 
we only need to prove that, for any e > 0, there exists 5 > such that P Z {C < oo} < e for z 
satisfying < l^l/l^i) < 5. For c > and C 2 function /, set 

A c e f(y) = {y2 l v c 2 )a/ 2 d y^y) + dA v /2 f(y)i fory/o. (6.12) 

Let 9 £ (0,9o(a)) and define 

_! /9 (a) + (9Vp(0+))\ 



b = tp 



By the definition of p, we see that < 6 < 1. Set 9\ = 8/(p(b). It is easy to see that 9\ < 1. Let 
< k < e 1 /( 1_b ) a 1 and let 6 be a positive number such that 



6 < kyj e± 2/a - 1. (6.13) 
Define f = wj, and applying Q6.13|) . we have for any \y\ > k\z\\ and < c < 5\z\\ 

6-1 

V(l + 5 2 A 2 ) a / 2 
6- 1 / 2 



6-1 



20i 



<0. (6.14) 

By (|6.14|) and the same calculation as in Lemma 14.21 we have 

P z {( < oo} < k 1 -* < e, 

which completes the proof. □ 
Next we consider the case 9 > 9o(a). First we prepare a result corresponding to Lemma 14.41 

Lemma 6.4. Let 1 < a < 2 and 9 > 9o(a). Let z = (zi,^) 6l\ {0}. Denote r = inf{t > : 
hij- = 0}. Then r < oo wii/j probability one. Moreover, there exist a constant c and an event 
G such that 

Ez [Iqt] < clz^ 1 ^- 1 , P Z [B C ] < c|^ 1 |*'" 1 W- 1 , for < \zi\ < 1. (6.15) 
Specifically we can take to 6e {ro 5 2 < 7"2,o} mi 46'. J5|) . 

Proof We omit the proof as it is the same as for Lemma 14.41 □ 

Lemma 6.5. Let 1 < a < 2 and 9 > 9 (a). Let 5 > be such that (p~ 1 {9) — 1)(1 - 8/a) - 25 =: 
r > 0. Then there exists a constant number k%, depending on a, 5 and 9, such that for any a > 

P z {L<a a+S /5} <k 3 a 2S , where L= W t , <a} dt. (6.16) 

Jo 
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Proof It is obvious that we can also assume a to be small enough such that 

32a 5 < 6, ab-W-W-S/*)-** > a a+s /5. 
Denote r(s) = inf{i : t> s, hij = 0} — s for s > 0. By (|6.15|) . we have 

P z {\hx, a o + s/ S \ < a x -*l a ,T{a°+ s /S) > a (<p-H0)-WS/«)-28 } 



(6.17) 
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We claim that 



<2ca 



sup \h ht \ >a C sup 9 1/a \S t \ > a/8 \ 

sup \hi, t \ > a 1 - 6 /* lei sup 9 1/a \S t \ > a 1 - 5 '"/* 

0<t<a a + s /8 J I 0<t<a a + s /8 



(6.18) 

(6.19) 
(6.20) 



Let t' = inf{i : \h\^{vo)\ > a}, t" = sup{t < t' : \hi tt (w)\ < a/2} and suppose that u belongs to 
the left hand side of (|6.19|) . then by the first inequality of (|6.17|) 



a/2 < \hx t > - h l t n. 



2h 



l. a 



t" 



du - 6 l l a St> + 6 l / a S t »- 



!- / 2h\- a du 



e x / a (s tl - s v ,-) 

6 l l a (S t < - S v ,-) +8a 1+s /5 
9 1 / a (S t > - Sp-) +a/4. 



(6.21) 



which proves (|6.19f) . We omit the proof of (|6.2Uf) as the proof is the same. By the reflection 
principle we have 



sup 

0<t<a a + s /8 



1/a \S t \ > o/8 1 <2T>{\S aa+s/5 \ > e-^a/s} 
<2P{|Si| > 5 1/a a- s/a /8} 



<2 1+3a he5- l a 



(6.22) 



Similarly we have 



sup 

0<t<a a + s /8 



e 1/a \S t \ > a l - s/a /8 \ < 2 1+3a k 1 eS- 1 a 2S . 



By (jOTjl . (|6~T8|l . ([6~T5jl . (ffHol) . (f?H2l and (f?H3l . 



P z [L < a a+5 /o) 



<Pz\a< sup \h u \ < a l - 5 ' a , L < a a+5 /5 \ + P» I sup \h ljt \ > a l - 5 ' a 

\ 0<t<a a + s /8 J \o<t<a a + 6 /S 

<P Z L< sup |/n >t | < a 1 ^, r(a a+<5 /<5) < a^^-Dd-*/")^ jr < a «+5 /5 

I 0<t<a a +' 5 /<5 



(6.23) 
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+ P z \ sup \h ltt \ < a 1 ' 6 / , T(a a+s /5) > a (<p-HS)-l)(lS/a)-26 I + 2 1+3a k 1 05- 1 a 2S 

\o<t<a a + s /S J 

<P Z l a < sup \h ltt \ < a 1 -V a ,T(a a+s /6) < a l<p- 1 V)-i)Q.s/°)-28 ] 

[ 0<t<a a + s /S 

sup \h 1;t \ > a \ +2 1+3a 5-\k 1 e + c)a 2S 

r(a a + s /8)<t<r{a a + s /8)+a a + s /S ' J 

<P Z \ sup \h u \ > a, sup \hi )t \ >a\+ 2 1+3a 6~ 1 (k 1 6 + c)a 2S 

{0<t<a a + s /6 r{a a + s /5)<t<T{a a + s /S)+a a + s /S J 

<2 1+3a d~ 1 (k 1 d + c + 25- l c 2 )a 25 , (6.24) 
which completes the proof. □ 

Proposition 6.6. Let 1 < a < 2 and 9 > o (a). Let z el\{0}. Then P z {( < oo} = 1. 

Proof The proof will follow the arguments for Theorem 14.61 with some technical differences. 
Fix z = z\ + izi £ EL When Z2 = 0, the conclusion follows from Proposition 16.11 Next, we 
assume z<i > and, without loss of generality, z\ > 0. Denote (3 > small enough such that 

(<p-He)-l)(l-p/a)>6f), (6.25) 

(^ W -D(l-W-2g , 
2a 

Write 5 = — 1)(1 — f3/a) — 2/3. Let a± be an arbitrary positive number such that 

/ a \ 1//3 

ai < Z2 A \3 + l) and a i < ai / 2 - ( 6 - 27 ) 

Denote r/o = and £i = inf{t > : /i2,t = ai}. Set 

a 1+l3 

h\ = ai ^— ; r?i = inf{i > £i : = 0}. 

By Lemma 16.41 we have rji < oo a.s.. Define by induction 



a 



ffln+i — ^2,t?„ ; £n+i — % + 3a" +1 ; 6 n+ i — a n+ i ?] n+ i — inf{i > £„ + i : h\ t t — 0}. 

Let L n = f^_ i I{\ hl>t \<a n } dt. Define events 

E n = {L n > 2 Q / 2 a° +/3 //?} ; G n = {|/i U J > 8a^ 2a } ; H n = {h Un <b n }, (6.28) 
Next we prove the following assertions: 

G n C | sup |5 5n - St\ > a^ 2a \ , (6.29) 

I Vn~l<t<( 

E n C fT n , (6.30) 

P*[££ U G n |^ n _J < (6^x + 2^/( a +% 3 ) af . (6.31) 
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Suppose that 6 1 / 01 sup„ n _ 1<t< t n |Sg n — St\ < a%J 2a ■, we will check (j6.29j) by proving that 
|^1,£„| < San^ 2 ". Otherwise we can find t' G (^n-i^n) such that |/ii,t'-| < a^ 2a and |/ti,t| > 
a"^ 2 " for t G (i',£ n )- So we have 



2/; 



1,14 



< 



< 



+ 2</ 2q 



+ \h 



i,t' 



< 6a a(l+a)/2a + 2a a/2a 

<8cC /2q . 



(6.32) 



Now suppose that L n > 2 Q / 2 an + ^//?. If /i2,§ n < a n /2, by the second inequality of (|6.27|) . we 
see that (|6.3Uf) is true. When h 2 ^ n > a n /2, we have 



h2£ n =a n + 



"2/t2,u 



^ + ^ J" 72 

£™ «... 



<a 



n L-Ahiu + air/z 

<a n - 2" a /2 



du 



1 {\hi, t \<a n } a n 



Vn-l 



<a n - a'+f/P = b n , 

which completes the proof of (|6.3U|) . ()6.31j) can be proved by Lemma 16*31 (|6.29[1 . (|6.3U|) and the 
following results. 



Pz 
<2P S 



Q x l a sup |% -S t \> al' 2a 

n 



< 2i> 



i— 1/a a/2a 
1 a n 



T 



(6.33) 



where we used ()6.25j) in the last inequality of (|6.33|) . 

As for SLE we denote 

r 0jn = inf{t > £ n : hi >t = 0, \hi >u \ < 2 for £ n < u < t}; 
T 2 , n =inf{t > £ n : hi )t > 2, \hi )U \ > for £ n < u < t} 

By Lemma l6.4| there exists a constant fej > such that 



(6.34) 



Ez[l&.n<^n}fa-U)\Ft n ] <k4hi£j*- 1 W-\ E z [l { ^ n>72>n} \^ n ] Kkilh!^*- 1 ®- 1 , 

(6.35) 

when < |/i u J < 1. Denote F n = {? ,n < r 2 , n } n (E n n G c n ) and set F = f| n >i F n . By (|6~37]|l 
and Lemma 14.51 



N-l 



N 



f| (E n n G c n ) C f| a n < (a"' 3 + n - 1 



n=l 



n=l 



-1//3 



ViV G N. 



(6.36) 
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Write d n = a x P + n - 1. By (IfHHj) . (jHSU), and (jCTl) . 



P Z [F) = lim P* 
TV^oo 



= lim E z 

N-*oo 

> lim E z 

N^QO 

> lim E z 

N-^oo 



N 



1 = 1 

[ I r\n=i fJe n ^G c n Pz [t ,N < T 2 ,N \^ N ] 



> lim E 

N-*oo 



Ip.JV-1 
I ln = l 



Ihn^ (l - 2 3 (^ 1 W- 1 )M^ 2 ) [i n ^i Fn P. n G% 



> .lim f 1 - 2 3 (^ fl - f 6Mi + 2 2 ' 3 /( a+ «A;3 N ) a 2 ^) P, 



iV— >00 



W-l 
,n=\ 



>Il(l- 2 3{ ^' (9) - 1) fc4^ 2 ) (l - (6^1 + 2 2 ^+^ 3 ) 4 

n=l 

oo 

>i - X (e^x + 2 2 ^ a+ ^ 3 + 2 3 ^"w- 1 )fc 4 ) d- 2 . 



n=l 



By the definition of d n and ()6.37j) . we have 



limPJPl = 1. 

oi|0 



(6.37) 



(6.38) 



By Lebesgue's monotone convergence theorem, (|6.26|) . (|6.35|) and (|6,36|) . 

E z [I F C] = lim E z [I F U] 

n— >oo 

n n 

= lim y~] E z [I F (£k ~ Vk-i)] + lim V] E z [Ip(r/ fc _i - ffc-i)] 

n— >oo *— » n^oo ' 

fc=l fe=l 

oo oo 

<X 3£ ^ [^^(^.nGS) 7 ^.*-^.*-^^*- 1- ^*- 1 ^ 
fc=l fe=l 

oo oo 

fc=l fc=l 

oo oo 

k=l k=l 
oo oo 

<E 3 ^ 4 + E 23( ^ 1(9M) ^-i 



( ¥ >- 1 (0)-l)5/2a' 
'n:=i i (E s nGg) a fe-l 



fc=l 

<oo, 



fc=l 



□ 



which completes the proof. 

Proofs of Theorem 11.41 and Corollary 11.51 The statement of Theorem 11.41 is contained in 
Propositions 16.31 and 16.61 The proof of the corollary is the same as for SLE with the help of 
these propositions. □ 
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